FIGURE 4: GENERALIZED QUANTILE

(a) Generalized quantile treatment effects (tau=0.71)
Earnings, quarters 1-7
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(b) Generalized quantile treatment effects (tau=0.62)
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o (=3
o =3
(=1 [=3
N Y
o o
o | o |
8 8
ot———— e — o
o o
(=] o
27 217
o o
(=] [=3
o 1 o
§ T T T T T T T T T § T T T T T T T T T
1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9
quantile quantile
[--—-- ATE 95% Cl GQTE 95% Cl | [--—-- ATE 95% Cl GQTE 95% i |
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Weighted results; unrestricted analysis sample. Confidence intervals based on clus-
tered bootstrap standard errors (100 replications) to account for repeated observa-
tions. Top percentile not included due to high sampling variability.
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TABLE 3: WINNERS AND LOSERS: PROPORTION OF POSITIVE AND NEGATIVE TREATMENT EFFECTS

Earnings Transfers Income
Q1-7 Q8-16 Q1-7 Q8-16 Q1-7 Q8-16

(1) (2) (3) (4) (5) (6) (7) (8) 9 (o) (11  (12)
QTE GQTE QTE GQTE QTE GQTE QTE GQTE QTE GQTE QTE GQTE

T 1 0.71 1 0.62 1 0.78 1 0.69 1 0.74 1 0.61
% >0
Total 34.3 68.7 36.4 59.6 77.8 97.0 1.0 54.5 85.9 99.0 43.4 31.3
p<0.05 31.3 61.6 27.3 56.6 64.6 83.8 0.0 49.5 66.7 81.8 23.2 24.2
p<0.01 22.2 60.6 22.2 55.6 60.6 82.8 0.0 46.5 59.6 75.8 16.2 21.2
p < 0.001 18.2 58.6 20.2 53.5 55.6 78.8 0.0 10.1 52.5 71.7 6.1 15.2
%<0
Total 12.1 31.3 15.2 40.4 0.0 3.0 47.5 45.5 0.0 1.0 26.3 68.7
p<0.05 1.0 9.1 0.0 22.2 0.0 0.0 33.3 37.4 0.0 0.0 7.1 6.1
p<0.01 0.0 4.0 0.0 7.1 0.0 0.0 26.3 26.3 0.0 0.0 2.0 0.0
p < 0.001 0.0 0.0 0.0 3.0 0.0 0.0 17.2 15.2 0.0 0.0 0.0 0.0

Note: Weighted results; unrestricted analysis sample. 7 represents the assumed or estimated rank correlation coefficient between
potential treatment and control outcomes. Proportion of positive and negative treatment effects: ‘Total’ refers to the overall
proportion of treatment effects, irrespective of their significance levels. Proportions of treatment effects denoted by p < 0.05,

p < 0.01

and p < 0.001 are statistically significant at the 5%, 1% and 0.1% levels, respectively. Bootstrap standard errors (100

replications) were clustered to account for repeated observations.



TABLE 4: TOTAL GAINS AND LOSSES, AND STANDARD DEVIATION OF TREATMENT EFFECTS

Earnings Transfers Income
Q1-7 Q8-16 Q1-7 Q8-16 Q1-7 Q8-16

(1) (2) (3) (4) (5) (6) (7) (8) 9 (1) (1) (12)
QTE GQTE QTE GQTE QTE GQTE QTE GQTE QTE GQTE QTE GQTE

4%

T 1 0.71 1 0.62 1 0.78 1 0.69 1 0.74 1 0.61
Gains (USD ’000s)
Total 276 259 382 649 517 604 2 102 742 704 190 383
p < 0.05 269 254 354 640 493 589 0 96 704 621 137 352
p <0.01 203 251 317 634 480 586 0 92 668 580 105 328
p < 0.001 184 241 301 616 464 975 0 37 633 560 43 260
Losses (USD ’000s)
Total 53 179 43 516 0 1 246 287 0 24 108 439
p < 0.05 7 80 0 344 0 0 215 258 0 0 51 107
p <0.01 0 37 0 70 0 0 187 199 0 0 14 0
p < 0.001 0 0 0 31 0 0 146 131 0 0 0 0
o 201.7 2443 2726 578.2 2129 1469 1474 188.9 272.6 171.0 166.1  498.2

Note: Weighted results; unrestricted analysis sample. 7 represents the assumed or estimated rank correlation coefficient between potential
treatment and control outcomes. Gains and losses: ‘Total’ refers to cumulative gains and losses, irrespective of their significance levels. Gains
and losses denoted by p < 0.05, p < 0.01 and p < 0.001 are statistically significant at the 5%, 1% and 0.1% levels, respectively. o denotes the
standard deviation of (generalized) quantile treatment effects. Bootstrap standard errors (100 replications) were clustered to account for
repeated observations.
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Appendix A — Additional results

1. QTE results under rank invariance

Figure Al displays the replication results of conventional QTE estimates originally
presented in Bitler et al. (2006), using the approach of Firpo (2007). In contrast to
Bitler et al. (2006), who report 90 percent confidence intervals, we present 95 percent
confidence intervals throughout the paper. While we were unable to replicate the exact
confidence intervals of Bitler et al. (2006) due to their reliance on bootstrap standard
errors, we adopt their approach of estimating clustered bootstrap standard errors to

account for the presence of repeated observations.

2. Intuition behind the identification of 7,

To provide context for the identification of 7, it is useful to examine the values
of 7(Yo,Yy) and 7(Y1,Y;) we would expect to observe if Tsp Was known. Table Al
presents simulated values of 7(Y1,Y) corresponding to various values of 7(Yo, Yo)
and 7y, based on averaging over 100 random permutations of 2 x 16,772 observation
units (N = Ny = N/2 =16,772), which matches our restricted analysis sample. For
simplicity, we assume no ties and consider a model with a single continuous covariate
vector X; of length N x 1. We choose 100 random permutations of X; for different
values of 7(Yy, Yo) = 7(Yo,X1). We also choose 100 random permutations of Y; for
various values of 7,,. We can use the permutations of Y; to obtain simulated values
of T(Yl,?l) = 7(Y,X;) because the ranks of X; in the treatment group sample are
the same as those in the control group sample.

We initially consider the case in which the rank invariance assumption holds, 74, = 1.
In this case, we expect to observe an identical rank correlation coefficient between
actual and predicted outcomes in both groups, 7(Y1,Y1) = 7(Yo, Yy), irrespective of
how well we predict the ranks of the control outcomes. The values in Column (1) of
Table Al confirm this expectation: 7(Yy,Y;) equals 7(Yo, Yy) if Tsp = 1. Similarly,
for cases in which the set of covariates predicts the ranks of the control outcomes
perfectly, 7(Yo,Yo) = 1, any deviation of 7(Y1,Y;) from 1 is expected to emanate

from an imperfect rank correlation between potential treatment and control outcomes.
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The first row of Table A1l validates this point by showing that T(Yl,?l) equals 7, if
(Yo, Yo) = 1.

We observe that for the remaining cases in which 0 <7y, <1 and 0 < 7(Yy, ?0) <1,
T(Yl,?l) deviates from 7, because our predictions of the ranks of control outcomes
are not perfect. At the same time, 7(Yy,Y;) deviates from 7(Yy, Yy) because the
rank invariance assumption does not hold. The simulated values presented in Table A1l
form a symmetric matrix because deviations of 7, from 1 have the same impact on
7(Y1,Y,) as deviations of 7(Yo, Yo) from 1. Table Al focuses on cases in which 7,
and T(YO,?O) are non-negative. Extending the analysis to cases in which 7y, < 0
and 7(Yo, ?0) < 0 produces a mirror image of the positive values presented in Table A1.
Similarly, analyzing cases in which 74, < 0 and 7(Y, ?O) >0 or 7, > 0 and 7(Yo, ?0) <0

produces a negative mirror image of the positive values in Table Al.

3. Testing the predictive strength of covariates

We test the predictive strength of covariates by creating 100 simulated datasets. Each
simulated dataset s, s = {1,...,100}, contains observed outcomes and predicted values,
with permutations of observation units tailored to a specific target value 7y, and a spe-
cific rank correlation coefficient 7(Yy, Y,). We compare the target values to estimated
rank correlation coefficients. For simplicity, we use our restricted analysis sample to
create simulated datasets with equal treatment and control group sizes.? Within each
dataset, we find a random permutation of Y, that satisfies the RCP. We use the permu-
tations derived from the 100 datasets to estimate 7= (1/100) Y% 7(I1,Y;,Y,), where
IT,, s ={1,...,100}, is a (IV; x N;)-permutation matrix.

To ascertain whether our estimate deviates significantly from the target value, we
conduct a hypothesis test with the null hypothesis Hy : 7o, =7 = 0 against the alter-
native hypothesis H; : 75, =7 # 0. Our test results, which are presented in Panel A
of Table A2, confirm that our predictors generally possess sufficient strength to yield
unbiased estimates of the rank correlation between potential treatment and control out-
comes. However, we do observe a small but statistically significant bias for transfers

during the pre-time limit period.

26Tt is possible to accommodate different treatment and control group sizes by using an approach
akin to that employed in Section 4.4.2.
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To explore how deviations in estimated rank correlation coefficients from target
values affect our QDTE estimates, we obtain QDTE estimates corresponding to differ-
ent values of 7,. We use a two-sided Kolmogorov-Smirnov test to determine whether
differences between alternative rank correlation coefficients translate into significant dif-
ferences between QDTE functions. The test results, which are presented in Panel B of
Table A2, indicate that the differences between estimated rank correlation coefficients

and target values have no significant impact on our QDTE estimates.

4. Implications of assuming equally likely permutations

The primary identifying assumption in this paper is that all permutations satisfying the
RCP are equally likely. While it is not possible to test this assumption, we can explore
its implications for GQTE estimates, which are derived from averages of permutation-
specific GQTE estimates. In Figure A2, we present permutation-specific GQTEs for in-
come during the pre-time limit period. Figures A2a-AZ2e illustrate the density functions
of permutation-specific GQTEs at selected quantiles. Our findings indicate that these
density functions converge toward approximately normal distributions as the number
of permutations increases. Moreover, we observe that even a relatively modest number
of permutations (P = 100) yields a reasonably accurate approximation.

Figure A2f depicts the GQTE and the underlying density functions of permutation-
specific GQTEs across percentiles. We observe that 50 percent of the probability mass
of the underlying density functions is concentrated in close proximity to the GQTE.
This observation provides strong evidence in support of calculating averages under the
assumption of equally likely permutations. Our findings also emphasize the limitations
on knowledge generation when deriving bounds from permutations with extremely low
probability of occurrence. Moreover, our results highlight the potential for developing
tests to compare alternative identifying assumptions. For instance, one could compare
GQTE based on equally likely permutations to GQTE based on an alternative weighting

scheme. The exploration of this issue remains a subject for future research.
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5. Impact of sample restriction and reweighting

Figure A3 presents QDTE, GQTE, and QTE estimates for income during the pre-time
limit period, illustrating the consequences of two factors: imposing a sample restriction
on the AFDC sample and employing a reweighting approach to control for covariates.
We find that excluding 11 randomly selected observations from the AFDC sample to
obtain a restricted analysis sample with balanced treatment and control group sizes has
minimal influence on our results. We also observe that, due to random assignment of
observation units to treatment and control groups, the use of a reweighting approach
does not change our results qualitatively.

Figures A3c and A3d depict unweighted and weighted QTE and GQTE estimates
under rank invariance for our unrestricted analysis sample.?” These results confirm
that our approach yields very similar results to the approach of Firpo (2007) under
rank invariance. While the QTE estimates presented in Figure A3d involve calculat-
ing reweighted quantiles of unweighted outcomes, our GQTE estimates are based on
calculating unweighted quantiles of reweighted outcomes. We have no clear preference
for one approach over another if the rank invariance assumption holds. However, in
contrast to the approach of Firpo (2007), our approach remains applicable in situations

where the rank invariance assumption is violated.

2TUnweighted QTE and GQTE estimates under rank invariance for our restricted analysis sample
are presented in Figure 2f.
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(a) Quantile treatment effects
Earnings, quarters 1-7

FIGURE Al: QUANTILE TREATMENT EFFECTS UNDER RANK INVARIANCE

(b) Quantile treatment effects
Earnings, quarters 8-16
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Note: Weighted results; unrestricted analysis sample. ATE: Confidence intervals are
based on clustered standard errors to account for repeated observations. QTE: Confi-
dence intervals are based on clustered bootstrap standard errors (100 replications) to
account for repeated observations. Top percentile not included due to high sampling

variability.
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TABLE Al: SIMULATED VALUES OF T(Yl,?l) FOR GIVEN VALUES OF T(Yo,?o) AND Tgp

nH @ 6 @ 6 © @O © (© @10) (11
(Yo, Yo) 10 09 08 07 06 05 04 03 02 01 00

1.0 1.00 090 080 0.70 0.60 0.50 0.40 0.30 0.20 0.10 0.00
0.9 090 0.86 0.78 069 059 049 039 030 020 0.10 0.00
0.8 0.80 0.78 0.72 0.64 0.56 0.47 038 028 0.19 0.10 0.00
0.7 0.70 0.69 0.64 059 051 043 035 026 0.18 0.09 0.00
0.6 0.60 059 056 051 046 039 032 024 0.16 0.08 0.00
0.5 0.50 049 0.47 043 039 033 027 021 0.14 0.07 0.00
0.4 040 039 038 035 032 027 022 0.17 012 0.06 0.00
0.3 0.30 030 0.28 026 024 021 0.17 0.13 0.09 0.05 0.00
0.2 0.20 020 0.19 0.18 0.16 0.14 0.12 0.09 0.06 0.03 0.00
0.1 0.10 0.10 0.09 0.09 0.08 0.07r 0.06 0.04 0.03 0.02 -0.00
0.0 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.00 -0.00 0.00 0.00

Note: This table presents simulated values of T(Yl,?l) using simulation data for alternative
values of 7(Yo,Yo) and 75,. Each simulated value is based on 100 random permutations of 2
x 16,772 observation units.
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TABLE A2: SIMULATION-BASED TEST FOR STRENGTH OF MODEL PREDICTORS AND
KOLMOGOROV-SMIRNOV TEST FOR EQUALITY OF DISTRIBUTION FUNCTIONS

Earnings Transfers Income

(1) (2) (3) (4) (5) (6)
QL7 Q816 Q17 Q816 QL7 Q816

Panel A.

(Yo, Y0) 035 031 035 030 032 027

Tsp Estimate

0.80 0.78
[0.00]
0.76 0.74
[0.06]

0.72 0.71
[0.46]
0.70 0.69
[0.17]
0.61 0.62
[0.29]
0.60 0.61
[0.20]

Panel B.

T1, T2 Kolmogorov-Smirnov test (p-values)

0.80, 0.78 0.994

0.76, 0.74 0.696

0.72, 0.71 1.000

0.70, 0.69 1.000

0.61, 0.62 0.577

0.60, 0.61 1.000

Note: Panel A: We generate 100 simulation datasets based on
our restricted analysis sample. Each dataset contains random
permutations of observation units consistent with a specific
target value 7, and a given rank correlation between actual and
predicted control outcomes 7(Yo,Yo). We use these datasets
to estimate 7 while varying 7., over the range from 0.6 to 0.8.
Panel A presents the target values and their corresponding
estimates, which conform with the estimates shown in Figures la
and 1b. We test whether the target values deviate significantly
from the corresponding estimates. The associated p-values for the
two-sided test comparing target values and estimates are reported
in brackets. Panel B: Two-sided Kolmogorov-Smirnov test. We
compare QDTE estimates under two different assumed values of
the rank correlation coefficient between potential treatment and
control outcomes, 7y and 7. Panel B presents the associated
p-values, which were calculated using a counting algorithm as
described in Gibbons and Chakraborti (2011).
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FIGURE A2: GQTE AND PERMUTATION-SPECIFIC GQTES,
INCOME, QUARTERS 1-7

(a) Densities of permutation-specific GQTEs, Q10 (tau=0.74)
Income, quarters 1-7

(b) Densities of permutation-specific GQTEs, Q25 (tau=0.74)

Income, quarters 1-7
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(c) Densities of permutation-specific GQTEs, Q50 (tau=0.74)

Income, quarters 1-7

(d) Densities of permutation-specific GQTEs, Q75 (tau=0.74)

Income, quarters 1-7
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(e) Densities of permutation-specific GQTEs, Q90 (tau=0.74)
Income, quarters 1-7

(f) GQTE and permutation-specific GQTEs (tau=0.74)

Income, quarters 1-7
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Note: GQTE estimates are derived from averaging permutation-specific GQTE es-
timates. Figures A2a-A2e: density functions of permutation-specific GQTEs at se-
lected quantiles. Figure A2f: GQTE and underlying density functions of permutation-
specific GQTEs across percentiles. Top percentile not included due to high sampling

variability.
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FIGURE A3: IMPACT OF SAMPLE RESTRICTION AND REWEIGHTING,
INCOME, QUARTERS 1-7

(2) QDTE (tau=0.74) (b) GQTE (tau=0.74)
° Income, quarters 1-7 o Income, quarters 1-7
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Note: Figures A3b-A3d: Top percentile not included due to high sampling variability.
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Appendix B — Monte Carlo simulation

We use Monte Carlo simulations to study the finite sample behavior of our estima-
tors. We consider two normally distributed (N x 1)-vectors, Y1 ~ N(u1,0%) and
Yo ~ N(uo,02). Moreover, we consider a single (N x 1)-covariate vector X;, which

contains the ranks of a random variable without ties.

1. Rank correlation coefficients

We use random permutations of Y; to generate simulation datasets in which the rank
correlation coefficient 7y, = 7(Y1,Yy) ranges from 0 to 0.9. We also use random permu-
tations to vary the predictive strength of X; by adjusting the rank correlation coeffi-
cient 7. = 7(Yo, X;) over the range from 0.1 to 0.9. For each combination of 7, and 7,
we create 100 simulation datasets with a sample size of 500 (250 observation units in
each group) and an additional 100 simulation datasets with a sample size of 5,000 (2,500
observation units in each group). Within each simulation dataset, we estimate 7y, us-
ing 100 random permutations of Y; satisfying the RCP. We obtain bootstrap standard
errors for each estimate using 100 replications. We repeat this process 100 times for
each sample and each combination of 7, and 7. to obtain our Monte Carlo simulation
results.

Tables B1 and B2 present the results for datasets with 500 and 5,000 observation
units, respectively. The results confirm the precision of our estimator of 7, even when
the sample size is relatively small. They also confirm that the estimator is unbiased
when 7, exceeds a certain threshold. Specifically, for 7. > 0.4, our estimator performs
well in terms of bias and root mean square error (RMSE). For 7. > 0.3, our estimator
maintains its accuracy as long as 7y, remains below or equal to 0.8. We also find that
the biases diminish notably as the sample size increases. Tables B3 and B4 report the
estimated bootstrap standard errors, their lower and upper 5th percentile, and the 90
percent coverage rate. The results confirm that our estimated bootstrap standard errors

are a good representation of the true sampling variation.
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2. QID, QDTE and GQTE

We study the finite sample behavior of QID, QDTE, and GQTE estimators. We de-
rive target values for the case in which Y; and Y are independent to establish their
statistical properties, including unbiasedness, consistency, and asymptotic normality.
We also assess the validity of estimated bootstrap standard errors for the QDTE and
GQTE estimators.

For w € (0,1), the quantile function of the QID estimator under independence is

given by

(11 = o) + o} + o3 @7 (u),

where ®(-) represents the CDF of the standard normal distribution. Following Fan
and Park (2009), we consider a scenario where Y; ~ N(2,2) and Yo ~ N(1,1). We
estimate the QID at selected quantiles, including Q10, Q25, Q50, Q75, and Q90, and
subsequently compare our estimates to the target values of the quantile function at
these quantiles. The respective target values are —1.22, —0.17, 1.00, 2.17, and 3.22.
The quantile function of the QID estimator is based on arranging treatment effects
in ascending order, capturing the full amount of heterogeneity in the data, without
considering the location of control outcomes. Our objective is to compare each control
outcome to a set of treatment outcomes resulting from permutations that have a positive
probability of occurrence. Under independence, this means we compare each control
outcome to all possible treatment outcomes. Assuming equally likely permutations,
we calculate the average over all permutations to obtain the GQTE. Therefore, the
quantile function of the GQTE estimator under independence is obtained by comparing
the expected value of the treatment outcome, 7, to the quantile function of Yy. The
quantile function of Yy is given by g + 0g®~!(u). Consequently, the quantile function

of the GQTE estimator under independence is

pi1 = (o + 0@~ (u)).

In the scenario where Y; ~ N(2,2) and Yy ~ N(1,1), the target values at Q10,
Q25, Q50, Q75, and Q90 are 2.28, 1.67, 1.00, 0.33, and —0.28, respectively. To derive
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the quantile function of the QDTE estimator, the values of the quantile function of the
GQTE estimator have to be rearranged to be monotonically increasing. Therefore, the
corresponding target values of the QDTE are —0.28, 0.33, 1.00, 1.67, and 2.28.
Figures B1 and B2 provide evidence of the unbiasedness, consistency, and asymp-
totic normality of our estimators. We focus on a scenario in which 7, = 0.4. Estima-
tion is based on 100 random permutations of observation units. Figure B1 illustrates
the convergence of our estimators towards the relevant target values at sample sizes
of 500, 5,000, and 50,000. Figure B2 illustrates that the distributions of a recentered
and rescaled version of our estimators become increasingly indistinguishable from a nor-
mal distribution as the sample size increases. This finding underscores the asymptotic
normality property of our estimators. Figures B3 and B5 present bootstrap standard
errors for selected quantiles of QDTE and GQTE estimators. These findings confirm
that increased sample size and the availability of highly predictive covariates contribute
to enhanced precision. In Figures B4 and B6, we report the 90 percent coverage rates
of QDTE and GQTE estimators. These results validate the accuracy of our estimated

bootstrap standard errors.
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TABLE B1: MONTE CARLO SIMULATION (500 OBSERVATIONS; 100 REPLICATIONS): POINT
ESTIMATES OF Tg, RESULTING FROM 100 RANDOM PERMUTATIONS

Tep 0.90 0.80 0.70 0.60 0.50 0.40 0.30 0.20 0.10 0.00
Te =.9
Mean 0.899 0.800 0.699 0.599 0.500 0.400 0.301 0.200 0.099 0.010
Standard deviation 0.008 0.008 0.008 0.007 0.007 0.008 0.009 0.008 0.008 0.001
Bias -0.001 0.000 -0.001 -0.001 0.000 0.000 0.001 -0.000 -0.001 0.010
RMSE 0.008 0.008 0.008 0.007 0.007 0.008 0.009 0.008 0.008 0.010
T, =.8
Mean 0.909 0.801 0.699 0.602 0.498 0.402 0.301 0.199 0.101 0.013
Standard deviation 0.016 0.016 0.014 0.014 0.014 0.014 0.016 0.015 0.015 0.006
Bias 0.009 0.001 -0.001 0.002 -0.002 0.002 0.001 -0.001 0.001 0.013
RMSE 0.018 0.016 0.014 0.014 0.014 0.015 0.016 0.015 0.015 0.015
T =7
Mean 0.912 0.801 0.699 0.604 0.501 0.403 0.297 0.203 0.101 0.018
Standard deviation 0.020 0.027 0.023 0.022 0.019 0.022 0.021 0.023 0.025 0.011
Bias 0.012 0.001 -0.001 0.004 0.001 0.003 -0.003 0.003 0.001 0.018
RMSE 0.023 0.027 0.023 0.023 0.019 0.022 0.022 0.023 0.025 0.021
Te =.6
Mean 0.892 0.801 0.697 0.604 0.498 0.401 0.297 0.200 0.105 0.021
Standard deviation 0.023 0.036 0.031 0.034 0.031 0.029 0.033 0.030 0.036 0.014
Bias -0.008 0.001 -0.003 0.004 -0.002 0.001 -0.003 -0.000 0.005 0.021
RMSE 0.024 0.036 0.031 0.035 0.031 0.029 0.033 0.030 0.036 0.026
Te =0
Mean 0.873 0.800 0.699 0.612 0.495 0.405 0.310 0.206 0.109 0.031
Standard deviation 0.023 0.037 0.047 0.045 0.047 0.046 0.045 0.048 0.040 0.025
Bias -0.027 0.000 -0.001 0.012 -0.005 0.005 0.010 0.006 0.009 0.031
RMSE 0.036 0.037 0.047 0.046 0.048 0.047 0.046 0.048 0.041 0.040
Te =4
Mean 0.843 0.777 0.698 0.627 0.505 0.413 0.306 0.196 0.106 0.035
Standard deviation 0.023 0.044 0.043 0.069 0.065 0.058 0.061 0.062 0.057 0.033
Bias -0.057 -0.023 -0.002 0.027 0.005 0.013 0.006 -0.004 0.006 0.035
RMSE 0.062 0.049 0.043 0.075 0.065 0.060 0.061 0.062 0.058 0.048
Te =.3
Mean 0.813 0.758 0.704 0.616 0.509 0.410 0.320 0.217 0.116 0.058
Standard deviation 0.027 0.046 0.061 0.097 0.082 0.094 0.095 0.086 0.070 0.045
Bias -0.087 -0.042 0.004 0.016 0.009 0.010 0.020 0.017 0.016 0.058
RMSE 0.091 0.062 0.061 0.098 0.083 0.094 0.097 0.088 0.072 0.073
T =.2
Mean 0.772 0.728 0.671 0.615 0.524 0.438 0.341 0.235 0.155 0.104
Standard deviation 0.024 0.050 0.076 0.092 0.119 0.116 0.129 0.125 0.122 0.094
Bias -0.128 -0.072 -0.029 0.015 0.024 0.038 0.041 0.035 0.055 0.104
RMSE 0.130 0.087 0.081 0.093 0.122 0.122 0.136 0.129 0.134 0.140
T, =.1
Mean 0.725 0.678 0.655 0.589 0.551 0.481 0.371 0.351 0.282 0.173
Standard deviation 0.024 0.056 0.070 0.109 0.130 0.170 0.210 0.197 0.214 0.168
Bias -0.175 -0.122 -0.045 -0.011 0.051 0.081 0.071 0.151 0.182 0.173
RMSE 0.177 0.134 0.083 0.110 0.140 0.189 0.221 0.248 0.281 0.241
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TABLE B2: MONTE CARLO SIMULATION (5,000 OBSERVATIONS; 100 REPLICATIONS):
POINT ESTIMATES OF T, RESULTING FROM 100 RANDOM PERMUTATIONS

Tep 0.90 0.80 0.70 0.60 0.50 0.40 0.30 0.20 0.10 0.00
T =.9
Mean 0.901 0.799 0.699 0.599 0.500 0.401 0.301 0.200 0.100 0.007
Standard deviation 0.003 0.003 0.004 0.003 0.003 0.003 0.003 0.003 0.003 0.001
Bias 0.001 -0.001 -0.001 -0.001 -0.000 0.001 0.001 0.000 -0.000 0.007
RMSE 0.003 0.003 0.004 0.003 0.003 0.003 0.003 0.003 0.003 0.007
T, =.8
Mean 0.907 0.800 0.698 0.599 0.499 0.400 0.301 0.200 0.100 0.009
Standard deviation 0.004 0.006 0.005 0.005 0.004 0.006 0.005 0.005 0.005 0.001
Bias 0.007 0.000 -0.002 -0.001 -0.001 -0.000 0.001 0.000 0.000 0.009
RMSE 0.009 0.006 0.006 0.005 0.005 0.006 0.005 0.005 0.005 0.009
Te =7
Mean 0.915 0.803 0.698 0.601 0.501 0.399 0.300 0.199 0.100 0.010
Standard deviation 0.009 0.008 0.007 0.008 0.007 0.007 0.008 0.008 0.007 0.002
Bias 0.015 0.003 -0.002 0.001 0.001 -0.001 0.000 -0.001 0.000 0.010
RMSE 0.018 0.009 0.007 0.008 0.007 0.007 0.008 0.008 0.007 0.010
T. =.6
Mean 0.898 0.804 0.698 0.602 0.503 0.400 0.300 0.200 0.103 0.012
Standard deviation 0.006 0.011 0.010 0.010 0.010 0.012 0.010 0.010 0.008 0.004
Bias -0.002 0.004 -0.002 0.002 0.003 0.000 -0.000 -0.000 0.003 0.012
RMSE 0.007 0.012 0.011 0.010 0.011 0.012 0.010 0.010 0.009 0.013
Te =.D
Mean 0.874 0.795 0.696 0.599 0.501 0.400 0.301 0.203 0.102 0.016
Standard deviation 0.010 0.013 0.011 0.013 0.012 0.013 0.014 0.013 0.012 0.008
Bias -0.026 -0.005 -0.004 -0.001 0.001 0.000 0.001 0.003 0.002 0.016
RMSE 0.027 0.013 0.012 0.013 0.012 0.013 0.014 0.013 0.012 0.018
T. =4
Mean 0.858 0.782 0.697 0.605 0.500 0.401 0.304 0.205 0.108 0.019
Standard deviation 0.013 0.015 0.013 0.018 0.020 0.018 0.018 0.018 0.017 0.011
Bias -0.042 -0.018 -0.003 0.005 0.000 0.001 0.004 0.005 0.008 0.019
RMSE 0.044 0.023 0.014 0.019 0.020 0.018 0.019 0.019 0.019 0.022
T.=.3
Mean 0.834 0.774 0.694 0.616 0.511 0.412 0.311 0.212 0.114 0.026
Standard deviation 0.013 0.019 0.018 0.029 0.024 0.030 0.026 0.025 0.027 0.016
Bias -0.066 -0.026 -0.006 0.016 0.011 0.012 0.011 0.012 0.014 0.026
RMSE 0.067 0.032 0.019 0.033 0.027 0.032 0.029 0.028 0.030 0.030
Te=.2
Mean 0.793 0.747 0.693 0.628 0.533 0.438 0.331 0.226 0.131 0.041
Standard deviation 0.014 0.023 0.020 0.033 0.042 0.042 0.047 0.042 0.039 0.030
Bias -0.107 -0.053 -0.007 0.028 0.033 0.038 0.031 0.026 0.031 0.041
RMSE 0.107 0.058 0.021 0.043 0.0563 0.056 0.057 0.049 0.050 0.051
Te =.1
Mean 0.729 0.710 0.693 0.658 0.591 0.509 0.400 0.300 0.210 0.116
Standard deviation 0.011 0.016 0.019 0.036 0.064 0.074 0.084 0.083 0.082 0.070
Bias -0.171 -0.090 -0.007 0.058 0.091 0.109 0.100 0.100 0.110 0.116
RMSE 0.171 0.092 0.020 0.068 0.111 0.132 0.131 0.130 0.137 0.136
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TABLE B3: BOOTSTRAP STANDARD ERRORS FROM MONTE CARLO SIMULATION
(500 OBSERVATIONS; 100 REPLICATIONS)

Tep 090 08 0.70 060 050 040 030 0.20 0.10 0.00
7. =.9
Mean 0.008 0.008 0.008 0.008 0.008 0.008 0.008 0.008 0.008 0.002
Upper 5th percentile 0.009 0.009 0.009 0.009 0.008 0.009 0.009 0.009 0.009 0.003
Lower 5th percentile 0.007 0.007 0.007 0.007 0.007 0.007 0.007 0.007 0.007 0.002
90% coverage rate (%) 94 88 92 91 95 91 88 85 90 97
T =.8
Mean 0.016 0.016 0.014 0.015 0.015 0.016 0.015 0.015 0.015 0.006
Upper 5th percentile 0.018 0.018 0.016 0.017 0.017 0.017 0.017 0.017 0.017 0.008
Lower 5th percentile 0.014 0.014 0.012 0.013 0.013 0.014 0.014 0.013 0.013 0.005
90% coverage rate (%) 89 88 90 91 94 93 87 90 92 94
Te =7
Mean 0.020 0.026 0.022 0.023 0.024 0.023 0.022 0.024 0.023 0.010
Upper 5th percentile 0.022 0.029 0.025 0.026 0.026 0.026 0.025 0.026 0.026 0.013
Lower 5th percentile 0.018 0.022 0.020 0.021 0.022 0.021 0.019 0.021 0.021 0.008
90% coverage rate (%) 93 89 89 92 97 91 93 91 87 90
7. =.6
Mean 0.021 0.036 0.032 0.034 0.033 0.032 0.032 0.033 0.031 0.016
Upper 5th percentile 0.023 0.040 0.037 0.038 0.037 0.036 0.036 0.036 0.035 0.019
Lower 5th percentile 0.019 0.032 0.027 0.029 0.028 0.028 0.028 0.029 0.028 0.013
90% coverage rate (%) 86 91 87 90 93 94 89 93 89 95
Te =.D
Mean 0.022 0.042 0.043 0.047 0.044 0.043 0.044 0.044 0.042 0.022
Upper 5th percentile 0.025 0.047 0.048 0.052 0.049 0.049 0.049 0.048 0.047 0.026
Lower 5th percentile 0.020 0.037 0.037 0.041 0.038 0.038 0.039 0.039 0.037 0.018
90% coverage rate (%) 91 96 89 92 88 84 90 86 90 88
T.=.4
Mean 0.024 0.044 0.055 0.062 0.062 0.059 0.060 0.059 0.055 0.034
Upper 5th percentile 0.027 0.049 0.063 0.070 0.069 0.068 0.067 0.066 0.060 0.041
Lower 5th percentile 0.021 0.040 0.048 0.055 0.054 0.051 0.064 0.052 0.049 0.027
90% coverage rate (%) 91 88 96 86 91 90 92 88 90 92
T.=.3
Mean 0.025 0.044 0.063 0.080 0.088 0.087 0.085 0.084 0.074 0.050
Upper 5th percentile 0.028 0.049 0.070 0.090 0.099 0.098 0.095 0.093 0.084 0.059
Lower 5th percentile 0.023 0.039 0.055 0.071 0.080 0.075 0.075 0.075 0.065 0.042
90% coverage rate (%) 85 88 88 84 91 89 88 88 96 94
Te=.2
Mean 0.025 0.045 0.070 0.096 0.117 0.131 0.133 0.128 0.111 0.083
Upper 5th percentile 0.028 0.052 0.077 0.106 0.130 0.143 0.146 0.146 0.129 0.100
Lower 5th percentile 0.022 0.039 0.062 0.085 0.104 0.118 0.119 0.115 0.097 0.070
90% coverage rate (%) 95 87 92 89 89 95 90 94 89 90
Te =.1
Mean 0.026 0.061 0.082 0.117 0.150 0.177 0.192 0.201 0.196 0.182
Upper 5th percentile 0.029 0.059 0.095 0.133 0.166 0.193 0.210 0.216 0.211 0.202
Lower 5th percentile 0.023 0.044 0.069 0.104 0.131 0.160 0.174 0.187 0.180 0.163
90% coverage rate (%) 93 92 95 95 94 96 87 93 90 92

63



TABLE B4: BOOTSTRAP STANDARD ERRORS FROM MONTE CARLO SIMULATION

(5,000 OBSERVATIONS; 100 REPLICATIONS)

Tep 090 08 0.70 060 050 040 030 0.20 0.10 0.00
7. =.9
Mean 0.003 0.003 0.004 0.003 0.003 0.003 0.003 0.003 0.003 0.001
Upper 5th percentile 0.003 0.003 0.004 0.004 0.004 0.004 0.004 0.003 0.004 0.001
Lower 5th percentile 0.002 0.003 0.004 0.003 0.003 0.003 0.003 0.003 0.003 0.001
90% coverage rate (%) 88 90 91 90 95 92 92 94 92 94
T =.8
Mean 0.005 0.006 0.006 0.005 0.005 0.005 0.005 0.005 0.005 0.001
Upper 5th percentile 0.006 0.006 0.006 0.006 0.006 0.005 0.006 0.006 0.006 0.002
Lower 5th percentile 0.004 0.005 0.005 0.005 0.004 0.004 0.005 0.004 0.004 0.001
90% coverage rate (%) 90 92 92 91 96 84 90 91 93 95
Te =7
Mean 0.009 0.008 0.008 0.008 0.007 0.007 0.008 0.008 0.007 0.002
Upper 5th percentile 0.010 0.009 0.008 0.008 0.008 0.008 0.009 0.008 0.008 0.003
Lower 5th percentile 0.008 0.007 0.007 0.007 0.006 0.007 0.007 0.007 0.006 0.002
90% coverage rate (%) 88 88 93 87 92 91 87 91 88 94
7. =.6
Mean 0.007 0.011 0.010 0.010 0.010 0.011 0.011 0.010 0.010 0.004
Upper 5th percentile 0.008 0.012 0.011 0.011 0.012 0.012 0.012 0.012 0.011 0.005
Lower 5th percentile 0.006 0.010 0.009 0.009 0.009 0.010 0.009 0.009 0.009 0.003
90% coverage rate (%) 91 93 88 90 92 86 89 90 93 94
Te =.D
Mean 0.010 0.012 0.012 0.014 0.014 0.015 0.014 0.014 0.014 0.006
Upper 5th percentile 0.011 0.014 0.014 0.016 0.015 0.016 0.015 0.015 0.015 0.008
Lower 5th percentile 0.009 0.011 0.011 0.012 0.012 0.014 0.012 0.012 0.012 0.005
90% coverage rate (%) 92 91 95 91 93 91 89 90 93 87
T.=.4
Mean 0.012 0.016 0.015 0.020 0.020 0.019 0.018 0.018 0.018 0.010
Upper 5th percentile 0.013 0.018 0.018 0.022 0.022 0.022 0.021 0.020 0.021 0.012
Lower 5th percentile 0.011 0.014 0.013 0.017 0.018 0.017 0.016 0.016 0.016 0.008
90% coverage rate (%) 85 89 91 93 88 90 90 91 95 90
T.=.3
Mean 0.014 0.020 0.018 0.027 0.028 0.027 0.026 0.026 0.026 0.016
Upper 5th percentile 0.015 0.023 0.021 0.030 0.031 0.030 0.029 0.029 0.029 0.019
Lower 5th percentile 0.012 0.018 0.015 0.023 0.024 0.024 0.023 0.023 0.024 0.014
90% coverage rate (%) 90 93 88 83 92 90 90 92 93 90
Te=.2
Mean 0.015 0.025 0.021 0.036 0.042 0.042 0.042 0.041 0.040 0.031
Upper 5th percentile 0.016 0.027 0.025 0.040 0.047 0.048 0.047 0.045 0.045 0.035
Lower 5th percentile 0.013 0.022 0.018 0.032 0.036 0.038 0.038 0.036 0.036 0.027
90% coverage rate (%) 91 97 96 96 92 90 86 89 88 90
Te =.1
Mean 0.011 0.016 0.023 0.042 0.066 0.080 0.083 0.083 0.082 0.072
Upper 5th percentile 0.012 0.018 0.026 0.047 0.072 0.089 0.094 0.094 0.092 0.080
Lower 5th percentile 0.010 0.014 0.019 0.036 0.060 0.070 0.073 0.074 0.074 0.065
90% coverage rate (%) 82 95 95 93 91 92 88 92 89 93
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FIGURE B1l: MONTE CARLO SIMULATION (100 REPLICATIONS): CONSISTENCY

(a) QID: Q10, target=-1.22 (tau=0) (b) QDTE: Q10, target=-0.28 (tau=0) (c) GQTE: Q10, target=2.28 (tau=0)
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FIGURE B2: MONTE CARLO SIMULATION (100 REPLICATIONS): ASYMPTOTIC
NORMALITY

(a) Recentred and rescaled QID: Q10 (tau=0) (b) Recentred and rescaled QDTE: Q10 (tau=0) (c) Recentred and rescaled GQTE: Q10 (tau=0)
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(d) Recentred and rescaled QID: Q25 (tau=0) (e) Recentred and rescaled QDTE: Q25 (tau=0) (f) Recentred and rescaled GQTE: Q25 (tau=0)
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(j) Recentred and rescaled QID: Q75 (tau=0) (k) Recentred and rescaled QDTE: Q75 (tau=0)

05
-
05
05

\.
(/
\

° ° °
-15 -10 -5 o 5 10 15 -15 -10 -5 o 5 10 15 -15 -10 -5 o 5 10 15
[ N=500 N=5000 N=50000 | [ N=500 N=5000 N=50000 | [ N=500 N=5000 N=50000 |
(m) Recentred and rescaled QID: Q90 (tau=0) (n) Recentred and rescaled QDTE: Q90 (tau=0) (0) Recentred and rescaled GQTE: Q90 (tau=0)
P o

04 06 .08

02

66



L9

FIGURE B3: MONTE CARLO SIMULATION (100 REPS.): BOOTSTRAP STANDARD ERRORS FOR SELECTED QUANTILES OF QDTE

(a) tau(Y1,Y0)=0.0, 500 observations (b) tau(Y1,Y0)=0.1, 500 observations (c) tau(Y1,Y0)=0.2, 500 observations (d) tau(Y1,Y0)=0.3, 500 observations (e) tau(Y1,Y0)=0.4, 500 observations
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FIGURE B4: MONTE CARLO SIMULATION (100 REPLICATIONS): 90% COVERAGE RATE FOR SELECTED QUANTILES OF QDTE

(a) tau(Y1,Y0)=0.0, 500 observations (b) tau(Y1,Y0)=0.1, 500 observations (c) tau(Y1,Y0)=0.2, 500 observations (d) tau(Y1,Y0)=0.3, 500 observations (e) tau(Y1,Y0)=0.4, 500 observations
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FIGURE B5: MONTE CARLO SIMULATION (100 REPS.): BOOTSTRAP STANDARD ERRORS FOR SELECTED QUANTILES OF GQTE

(a) tau(Y1,Y0)=0.0, 500 observations (b) tau(Y1,Y0)=0.1, 500 observations (c) tau(Y1,Y0)=0.2, 500 observations (d) tau(Y1,Y0)=0.3, 500 observations (e) tau(Y1,Y0)=0.4, 500 observations
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FIGURE B6: MONTE CARLO SIMULATION (100 REPLICATIONS): 90% COVERAGE RATE FOR SELECTED QUANTILES OF GQTE

(a) tau(Y1,Y0)=0.0, 500 observations (b) tau(Y1,Y0)=0.1, 500 observations (c) tau(Y1,Y0)=0.2, 500 observations (d) tau(Y1,Y0)=0.3, 500 observations (e) tau(Y1,Y0)=0.4, 500 observations
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Appendix C — Proofs

PROOF OF THEOREM 1: Using Lemma 1 of Firpo (2007), the distribution func-

tions Fy(a4)(y), d = {0,1}, can be expressed in terms of weighted averages: Fy(q)(y) =

1-D;

TP (DT The order statistics

N, . ‘
N%p Yo F wigl{Y; <y}, with w;; = m and w;g =
Z(ya < ... < Z(na)a are the values of the quantile functions derived from continuous
and monotonically increasing distribution functions Fy(q)(y),

Nsp

. 1
Z(i)d = F};%d) [Gd] = ll’lf{y : N Z widl{Y; < y} 2 Gd}, (18)

sp =1

with (i - 1)/N4, < 0,

IN

i/ Nd

d,ie{l,...,N&}. Define the (NZ x 1)-vectors Zg, 4 =
(Z1d, ..., Znaa)'. Consider the (Ng, x k)-covariate matrix X, and the correspond-
ing ((Nsp/2) x k)-covariate matrix Xg, o for members of the control group. The pre-
dicted outcomes are given by ?Sp = Xep(X, 0Xsp0) ' XL, 0 Yspo- The elements of the
(Nypx1)-vector Y, = (Y1, ..., Yn,,) are used to obtain the order statistics Z(;)q = inf{7:
N%p > wig1{Y; <7} > 6} and to define the (N& x 1)-vectors Zoa=(Za,. .., Engd)’.

Let AZ ) = Il Zg1 — Zgp 0. Under Assumption 2, the distribution of treatment

effects may be written as

FA(0) = Faz(67), (19)
where
AZ = ; Pr[Faz (0%,,) = Fa(0)]AZ, . (20)
PE€Fsp

After controlling for covariates, permutations that do not satisfy the condition
T(Hgp pZisp 1, Zispo) = T(Zsp.1, Zisp.1 ) 0ccur with a probability of zero under Assumption 2.

Therefore,

A = Y PiFL (6%,) = Fa(9)]A%,, (21)

Sp,p
pessp\X

where Sgpx = {pePsy | T(HsppZSp,l,/Z\sp,o) = T(ZSP,l,/Z\SpJ)}. Equation (21) follows from
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equation (20), Assumptions 2 and 4, and from

ZpE'Psp PI‘[ (Hsp pzsp 15 Zsp,O) = 7—sp:|

Z Pr[r HSPPZSP 15 Lisp, 0) = Tsp | T(HSPJ)ZSp,l?/Z\Sp,O) = T(ZSp,leSP,l)]
pESsp\X
X Pr[ (HSP phisp,1, ’Z\Sp70) = T(anl?’Z\Sp,l)]
+ Z PY[T(HSP,pZSp,h ZSp,O) = Tsp | T(HSP,pZSp,b/Z\Sp,O) # T(ZSP,lszp,l)]

peS’

sp| X

X Pr[T(Hsp,szp,la zsp,O) * 7—(Zsp,h zsp,l)]u

where S' = {p e Py | T(MyppZep1,Ziep0) # T(Zep, Zsp1)}. Under Assumption 2,
Pr[7 (1, szp 1, /Z\spp) + T(ZSpJ,/Z\Sp,l)] =0 for all p € Py,. Using Bayes’ law,

PT[T(HSppZSEh ZSp,O) = 7'Sp]
= PI[T(HSp,pZSP,lv ZSP,O) = Tsp | T(HSP,PZSP717/Z\SP70) = T(ZSp,1=ZSp,1)]

X Pr[T(HsmeSp,la/Z\SP,O) = T(ZSP,laZSP,l)]

for all p € Sgpx. Under Assumption 5,

1{Pr[FAz ((5Spp) FA(6)] >0}

Pr[Faz (64,,) = Fa(9)] = Sr 1{Pr[FAz (0%,) = Fa(8)]> 0}

(22)

for all p € Py,. All permutations of Zg, ; that satisfy 7(Ils, ,Zsp 1, Zsp,o) = T(Zsp, ’Z\Sp,l)
have a positive probability of occurrence under Assumptions 2 and 4. Therefore, under

Assumptions 2, 4, and 5, the distribution of treatment effects is identified through
FA(0) = Faz(7), (23)

where A% = m PeSupix AZ Ypery, UPT[Faz (04,,) = Fa(d)] > 0} =

Zpesspm H{7(Tsp pZesp 1, Zsp,o) = T(Zgp, ’Z\spﬁl)}. Identification of the Population Quan-

with np|X =

tiles of the Distribution of Treatment Effects follows from

dAw = QU(FA((s)) = Q1L(FAZ(5Z))' (24>
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PROOF OF THEOREM 2: Using Lemma 1 of Firpo (2007), the distribution func-
tions Fy(q)(y), d = {0,1}, can be expressed in terms of weighted averages: Fy (4 (y) =
N, . . _D.
3o Dot wial{Yi <y}, with win = prp iy and wio = prp ey - Let

i' € {{jlh s lest;‘d)}a R {jngla s ’jngNs(};_d)}} = {17 T 7Nslesop}7

and define the order statistics Z(1)g < ... < Z; NLNO )d 88 values of the quantile functions
derived from continuous and monotonically increasing distribution functions Fy (qy(y),

Nep

> wial{Y; <y} > 04}, (25)

Sp =1

Z(Z’I)d = F;%d) [Qd] = lnf{y :

P P
Define the (NG, N9, x 1)-vectors

with (i' = 1)/(NLNO) < 6y <i'/(NLNO), it € {1,..., NLNO}.

Vipa = (Zoia 226, q)ir 2 Zng par 0 26,y a-0)a)

= (Z(l)d7 SRR Z(l)da sy Z(Nsdp)dv EER) Z(Nsdp)d)lv

(1-d) ,
N$ NG

where

Nep

>, wial{Yi <y} > 04}, (26)

Sp =1

Zwa = Fyglla] =inf{y:

with (i = 1)/N& < 04 < i/N&, i e {1,...,Nd}. Define the (N& x 1)-vectors Zg, 4 =
(Z1ds -+, Znaa)’. Consider the (Ng, x k)-covariate matrix X, and the correspond-
ing ((Nsp/2) x k)-covariate matrix Xg,o for members of the control group. The pre-
dicted outcomes are given by Yy, = Xep (XL 0Xsp,0) 1 X, 0 Yspo- The elements of the
(Nypx1)-vector Yy, = (Y7, ,?NSP)’ are used to obtain the order statistics Z\(i)d = inf{7:
N%p Zf\ff widl{?} <7} 204} and to define the (Ng x 1)-vectors ’Z\Spyd = (Zd, e Zngd)’.

Consider the permutations Qg 4 Vip.a = Mp,aZsp.a, where Qg g are (NSNS x N NO )-

permutation matrices, and where My, 4 are (N, N x N4 )-transformation matrices that
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transform the (N2 x 1)-vectors Zg, 4 into the (N NG, x 1)-vectors

4
MyaZspa = (Zids--- Z1ds- - Znags-- - ZNaa)"
—_—
1-d
NG NG

Let AZ = Mgp11Lsp pZsp1 — Mgy 0Zspo. Under Assumption 2, the distribution of

Sp,;p

treatment effects may be written as

Fa(0) = Faz(8%), (27)
where
AZ = Z Pr[FASzp’p((SSZW) = FA(d)]ASZW. (28)
PEPsp

After controlling for covariates, permutations that do not satisfy the condition
T(Msp,lﬂspvpzspﬂ,Mspp/Z\Sp,O) = T(ZSpJ,IZ\SpJ) occur with a probability of zero under

Assumption 2. Therefore,

A% = Y PilFR,,(05,) = Fa(9)]AL,, (29)

peSsp\X

where Sg,x = {p € Py | T(Mspvlﬂsp,pzspﬂ,Mspp/Z\Sp,O) = T(Zsp71,25p71)}. Equation (29)

follows from equation (28), Assumptions 2 and 4, and from

ZP(PSP Pr[T(MSp,lnsp,szpJ, Msp7ozsp70) = Tsp]

Z Pr [T(MSPJHSPJ?ZSPJ? Msp,OZspp) = Tsp |

pessp|X

7—(1\/Isp,11_Isp,szp,1; Msp,OzSp,O) = T(Zsp,la zsp,l)]

x PT[T(MSP,IHsp,pZSPJ’ MSP7025P70) = T(ZSPJ? zSp,l)]

+ Z Pr [T(MSPJHSRPZSDJ? MSP,OZSp,O) = Tsp |

!
peSSpl x

7—(]-v-[sp,l]-_-[sp,]:»zsp,l7 Msp,Ozsp,O) * T(Zsp,la zsp,l)]

X Pr[T(Msp,IHsp,szp,lu Msp,Ozsp,O) * 7—(Zsp,ly zsp,l)]u

where Sslp‘X ={pePsyp | T(Msp 1115, pZsp 1, MSP’OIZ\SP,O) #7(Zsp 1, /Z\Sp,l)}. Under Assump-
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tion 2, Pr{7(Mep 1 pZep1, Map0Zepo) # T(Zp1, Zep1)] = 0 for all p € Py, Using

Bayes’ law,

Pr{7(Msp 1 Iy p Zsp,1, Mp,0Zisp.0) = Tep]
= Pr[7(Msp,11sp pZsp,1, M 0Zisp0) = Tp |
T(Msp,lnsp,pzsp,la Msp,Ozsp,O) = T(Zsp,b zsp,l)]

x Pr[T(MSPJHSP:pZSPJ? M8p7028p,0) = 7(Z8p,1728p,1)]

for all p € Sgpx. Under Assumption 5,

” H{Pr[Faz, ,(6%,,) = Fa(0)] > 0}
Pr[FAsZpﬂp(ésp,p) = FA(é)] = ZPSP 1{PI"[FAZ (5szp7p) _ FA((S)] N 0}

sp,p

(30)

for all p € Py,. All permutations of Zgp,,; that satisfy 7(Mgp1 s pZep1, Map.oZspo) =
T(Zsp’1,25p71) have a positive probability of occurrence under Assumptions 2 and 4.
Therefore, under Assumptions 2, 4, and 5, the distribution of treatment effects is iden-

tified through
Fa(8) = Faz(67), (31)

where AZ = L%

Z 3 _
Np| X pESsp‘X Asp’p Wlth np|X - Z

pep UPT[Faz (0,,) = Fa(6)] > 0} =

Sp,p

Spes,e HT(Map 1 Thi, , Zy 1, Mg, 0Zgy0) = T(Zisp 1, Zep 1)} Identification of the Popula-

tion Quantiles of the Distribution of Treatment Effects follows from

Gau = u(Fa(9)) = qu(Faz(67)). (32)
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