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The term �un
ertainty� in
ludes risk and ambiguity.

n Risk:

Un
ertainty of relevant payoffs whose

probability measure is given.

n Ambiguity:

Un
ertainty of probability measures.

Most de
ision makers prefer a risky bet over an

ambiguous one. ) Ellsberg (1961)
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n Subje
tive Expe
ted Utility: Savege (1954)

V (C) = E [u(C (w))℄ =

å

i; j

q

i

g

i; j

�

w

j

�

u

�

C

�

w

j

��

:

n Maxmin Utility: Gilboa and S
hmeidler (1989)

V (C) =min

i

E

G

i

[u(C (w))℄ :

n Smooth Ambiguity Preferen
es: Klibanoff et al.(2005)

V (C) =

å

i

q

i

f

�

E

G

i

[u(C (w))℄

�

:

n Skiadas (2013) shows that smooth ambiguity preferen
es


onverge to the SEU in the 
ontinuous-time limit.
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n Given powerful tools in the 
ontinuous-time �nan
ial

modeling, it would be of great use if we 
an 
ombine

those with the smooth ambiguity preferen
es.

n We apply Yaari's (1987) �dual theory� to the KMM

model, and inter
hange the role of the se
ond utility with

that of the se
ond order probability.

) Iwaki and Osaki (2014), Atemporal Setting.

n By using this tri
k, we 
an prevent DM's ambiguity

attitude from disappearing in the 
ontinuous-time limit.

n DM's preferen
es are eventually represented by the SEU

with distorted beliefs.

n Our model repli
ates Ju and Miao's (2012) asset pri
ing

results.
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Maxmin Utility Smooth Ambiguity

Preferen
es

Atemporal Gilboa and S
hmeidler Klibanoff et al.

Model (1989) (2005)

Dis
rete-Time Epstein and S
hneider Klibanoff et al.

Model (2003) (2009)

Continuous- Chen and Epstein This Paper

Time Model (2002)
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n DM's time-t utility of the 
ontinuation 
onsumption

stream,

f

C

s

g

T
s=t

, is denoted by V

t

.

n This paper 
onsiders the following re
ursive utility

proposed by Epstein and Zin (1989):

V

t

=W (C

t

;m

t

(V

t+h

)) : (1)

n m

t

(V

t+h

) is a time-t 
ertainty equivalent for the un
ertain

next period utility, V

t+h

.

n Supposedly, Kreps and Porteus's (1978) CE would be the

most 
ommonly used in e
onomi
s and �nan
e studies.

m

KP

t

(V

t+h

) = u

�1

(E

t

[u(V

t+h

)℄) ;

where u(�) is a von Nuemann-Morgenstern utility index.

n It is assumed that V

t

(w) 2 (0;¥) for 8(t;w).
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n There are multiple �rst order probability measures,

�

Q

q

	

q2Q

, where Q is a parameter spa
e.

n One of Q

q

is sele
ted as DM's referen
e probability

measure, P.

n DM atta
hes se
ond order probability, h

t

(q), for ea
h

q 2Q.

n In KMM model, DM's time-t CE has the following form:

m

KMM

t

(V

t+h

) = n

�1

�

Z

Q

n

�

m

q

t

(V

t+h

)

�

h

t

(q)dq

�

;

where m

q

t

represents the KP CE 
onditional on Q

q

.

n The 
on
avity of n (�) 
aptures DM's ambiguity aversion.
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Proposition 1 (Skiadas (2013)) Under the dis
rete-time

approximation of Brownian un
ertainty, the KMM CE is

expressed as follows:

m

KMM

t

(V

t+h

) = u

�1

�

E

q

t

[u(V

t+h

)℄

�

+o(h)

= m

q

t

(V

t+h

)+o(h) ;

where E

q

t

[�℄ and m

q

t

(�) are, respe
tively, the time-t


onditional expe
tation and the KP CE under the 
ompound

probability measure:

Q

q

(w)�

Z

Q

Q

q

(w)h (q)dq :
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n Atemporal setting with risky 
onsumption,C(w).

n De�ne the de
umulative distribution fun
tion of C(w) as:

G

C

(z)�

Z

W

I

f

C(w)> z

g

dP(w); for z 2 (0;¥) ;

n Also de�ne a 
ontinuous, stri
tly in
reasing fun
tion

j(�) : [0;1℄! [0;1℄.

n Then, in Yaari's dual theory, DM makes his/her de
ision

through:

Z

¥

0

j [G

C

(z)℄dz=�

Z

¥

0

zdj [G

C

(z)℄ =

Z

W

C(w)d

�

P(w);

where

�

P is a probability measure implied by j [G

C

(z)℄.

n DM is risk-averse when j(�) is 
onvex.
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n Iwaki and Osaki (2014) axiomatize the dual theory of

KMM model under ambiguity.

n We apply their te
hnique to the dynami
 setting.

n The de
umulative distribution fun
tion of m

q

t

(V

t+h

) is:

G

t

(z)�

Z

Q

I

n

m

q

t

(V

t+h

)> z

o

h

t

(q)dq ; for z 2 (0;¥) :

n We then propose the following CE:

m

D

t

(V

t+h

) =

Z

¥

0

j [G

t

(z)℄dz

=

Z

Q

m

q

t

(V

t+h

)

�

h

t

(q)dq ; (4)

where

�

h is the se
ond order probability implied by

j [G

t

(z)℄.
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n From V

t

=W

�

C

t

;m

D

t

(V

t+h

)

�

:

m

D

t

(V

t+h

) = H (C

t

;V

t

;h) ;

for some fun
tion H : (R

+

;R;(0;1))! R

+

.

n Then:

d

dh

m

D

t

(V

t+h

)

�
�
�
�

h=0

=

¶H

¶h

(C

t

;V

t

;0)

=� f (C

t

;V

t

) ; (5)

where f (
;v)��¶H (
;v;0)=¶h is determined by the

fun
tional form ofW (�; �).



Sto
hasti
 Differential Utility

1. Introdu
tion

2. Dis
rete-Time

Smooth Ambiguity

Preferen
es

3. Dual Theory of

Smooth Ambiguity

Preferen
es

4. Continuous-Time

Smooth Ambiguity

Preferen
es

. Differential Form of

CE

. Sto
hasti


Differential Utility

5. Appli
ation to Asset

Pri
ing

6. Con
lusion

17 / 25

n Consider Brownian un
ertainty with k-dimensional BM,

B

t

=

�

B

1

t

;B

2

t

; � � � ;B

k

t

�

T

, de�ned on (W;F ;P).

n Ea
h Q

q

is 
onstru
ted through the Radon-Nikod

´

ym

derivative pro
ess:

dQ

q

dP

�
�
�
�

F

t

= x

q

t

= exp

�

�

1
2

Z

t

0

j

q

s

j

2

ds+

Z

t

0

q

T

s

dB

s

�

:

n Q

�

q

is 
onstru
ted through x

�

q

t

, where

�

q

t

�

R

Q

q

t

�

h

t

(q)dq .

Proposition 2 By assuming V

T

= 0,

�

f ;m

D

t

�

generates the

following utility pro
ess:

V

t

= E

�

q

t

�

Z

T

t

f (C

s

;V

s

)ds

�

:
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n Continuous-time analogue of Ju and Miao (2012).

n Endowment e
onomy with an in�nitely lived agent.

n Under (W;F ;fF

t

g;Q

q

�

), the fundamentals

(
onsumption and equity dividend) pro
ess is:

dY

t

Y

t

�

�

dC

t

C

t

;

dD

t

D

t

�

T

= (d +kq

�

t

)dt+kdB

q

�

t

;

B

q

�

t

: two-dimensional standard BM

q

�

t

: two-dimensionalF

t

adopted pro
ess.

n q

�

t

2

�

q

1

;q

2

	

follows 
ontinuous-time Markov 
hain

with the in�nitesimal generator matrix:

L=

�

�l

12

l

12

l

21

�l

21

�

; l

12

;l

21

> 0:

n We assume k

T

C

q

1

> k

T

C

q

2

.
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n The agent 
annot observe q

�

t

.

n By observing realized value of fundamentals, the agent

updates h

i

t

� h

t

(q

i

) by Bayesian.

n Agent's aggregator:

f (
;v) =

�

b

1�r

�




1�r

�

f

(1� g)v

g

1�r

1�g

f

(1� g)v

g

g�r

1�g

;

n Transform fun
tion:

j(g) = g

a+1

;

whi
h implies the following distorted se
ond-order

probabilities:

�

h

1

t

=

�

h

1

t

�

a+1

;

�

h

2

t

= 1�

�

h

1

t

:
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Proposition 6 The equilibrium risk-free rate, r

t

, is given by:

r

t

= b +r

n

d

C

+k

T

C

q

t

o

�

1
2

g (g+1)

j

k

C

j

2

+(g�r)L

�

h

1

t

�

�rk

T

C

�

q

t

�

�

q

t

	

;

where q

t

� h

1

t

q

1

+h

2

t

q

2

and

�

q

t

�

�

h

1

t

q

1

+

�

h

2

t

q

2

.

Meanwhile, the equilibrium equity pri
e is given by:

S

t

= F

�

h

1

t

�

D

t

; (26)

where F (�) is a solution of the ODE (27):
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d

C

d

D

k

T

C

k

T

D

0.024 0.038 (0:031;0) (0:086;0:084)

�

q

1

�

T

�

q

2

�

T

l

12

l

21

(0;0) (�2:935;0:029) 0.031 0.675

n E

q

1

[d lnC℄ = 2:4%;E

q

1

[d lnD℄ = 3:0%,

E

q

2

[d lnC℄ =�6:8%;E

q

2

[d lnD℄ =�21:8%:

n E[d lnC℄ = E[d lnD℄ = 1:9%;s(d lnC) = 3:1%;

s(d lnD) = 12:0%;r(d lnC;d lnD) = 0:72:

n P

�

q

t

= q

1

	

= 96%.

n Preferen
es parameters:

(b ;r ;g ;a) = (0:023;1=1:5;2;1:3).
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E(r) s(r) E(R

eq

) s(R

eq

) E

�

�

h

1

�

U.S. (1871-1993) 2.66 5.13 5.75 19.02 -

Ju and Miao (2012) 2.66 1.16 5.75 18.26 -

Our Model

(r;g;a)

(1/1.5,2,1.3) 2.66 1.22 5.75 18.37 92.4

(1/1.5,2,0.5) 3.18 1.04 1.84 16.10 94.2

(1/1.5,2,0) 3.46 0.87 0.49 14.41 95.6

(2,2,0) 6.05 2.37 0.25 13.60 95.6

(3.5,3.5,0) 8.54 4.14 0.61 13.06 95.6

(3.5,3.5,1.3) 7.53 5.51 0.62 12.31 92.4



6. Con
lusion

1. Introdu
tion

2. Dis
rete-Time

Smooth Ambiguity

Preferen
es

3. Dual Theory of

Smooth Ambiguity

Preferen
es

4. Continuous-Time

Smooth Ambiguity

Preferen
es

5. Appli
ation to Asset

Pri
ing

6. Con
lusion

. Con
luding Remarks

24 / 25



Con
luding Remarks

1. Introdu
tion

2. Dis
rete-Time

Smooth Ambiguity

Preferen
es

3. Dual Theory of

Smooth Ambiguity

Preferen
es

4. Continuous-Time

Smooth Ambiguity

Preferen
es

5. Appli
ation to Asset

Pri
ing

6. Con
lusion

. Con
luding Remarks

25 / 25

n We su

eed in representing DM's smooth ambiguity

attitude under the 
ontinuous-time setting.

n Our model repli
ates asset pri
ing results in Ju and Miao

(2012).

n Therefore, our model 
ould be regarded as a


ontinuous-time analogue of original KMM preferen
es.

n Yaari's dual theory is not a 
omplete dual of the SEU

theory.

n E
onomi
 
onsequen
e of this differen
e should be

examined more 
arefully.

n Extend our model to in
orporate Poisson pro
ess.
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